Abstract. We characterize existence and uniqueness of solutions for an inhomogeneous abstract delay equation in Hölder spaces. The main tool is the theory of operator valued Fourier multipliers.
Introduction
Partial differential equations with delay are a subject which has been extensively studied in the last years. In an abstract way they can be written as ( 
1.1) u (t) = Au(t) + F u t + f (t), t ∈ R, where (A, D(A)) is a (unbounded) linear operator on a Banach space X, u t (·) = u(t + ·) on [−r, 0], r > 0, and the delay operator F is supposed to belong to B(C([−r, 0], X), X).
First studies on equation (1.1) goes back to J. Hale [8] and G. Webb [12] . A general and systematic study of linear delay equations with emphasis on the qualitative behavior and asymptotic properties can be found in the recent monograph by Bátkai and Piazzera [5] . See also [13] . The problem to find conditions for all solutions of (1.1) to be in the same space as f arises naturally from recent studies on maximal regularity and their application to nonlinear problems in the theory of evolution equations, see the recent monograph by Denk-Hieber-Prüss [7] and references therein.
Recently, a significant progress has been made in finding sufficient conditions for operator valued functions to be C α -Fourier multipliers, see [3] . In particular, in [4] the theory of operator-valued Fourier multipliers is applied to obtain results on the hyperbolicity of delay equations and in [9] to obtain stability of linear control systems in Banach spaces. Also in [10] existence and uniqueness of periodic solutions for equation (1.1) via L p -Fourier multiplier theorems has been recently obtained.
In this paper we are able to obtain necessary and sufficient conditions in order to guarantee well-posedness of the delay equation (1.1) in the Hölder spaces C α (R, X) (0 < α < 1), and under the condition that X is a Bconvex space. However we stress that here A is not necessarily the generator of a C 0 -semigroup.
We remark that the Fourier multiplier approach used allows to give a direct treatment of the equation, in contrast with the approach using the correspondence between (1.1) and the solutions of the abstract Cauchy problem
. In this case the question of well-posedness of the delay equation reduces to the question whether or not the operator (A, D(A)) generates a C 0 -semigroup; see [5, 6, 11] and references therein.
Preliminaries
Let X, Y be Banach spaces and let 0 < α < 1. We denote byĊ
We denote by Ff orf the Fourier transform, i.e.
(Ff )(s) : Define the space C α (R, X) as the set
Observe from Definition (2.1) and since
is bounded then Lf is bounded as well (see [3, Remark 6.3] ).
The following multiplier theorem is due to Arendt-Batty and Bu [3, The- 
We use the symbolf (λ) for the Carleman transform:
is of subexponential growth; by this we mean
A Characterization
We consider in this section the equation
where A : 
An important special case consists of operators F defined by
where 
Denote by e λ (t) := e iλt for all λ ∈ R, and define the operators
, for all λ ∈ R and x ∈ X.
We define the real spectrum of (3.1) by
Proposition 3.3. Let X be a Banach space and let
(R, X) be the bounded operator which takes each f ∈ C α (R, X) to the unique solution u ∈ C α+1 (R, X). Let y ∈ X and let s 0 ∈ R be fixed. Then define f (t) = e is 0 η y, t ∈ R. Let u(t) be the unique solution of (1.1) such that L(u) = y. Next we claim that v(t) := u(t + s 0 ) and w(t) := e iηs 0 u(t) both satisfy equation (1.1), when f (t) = e isoη y. First we notice that
Hence F (v t ) = F (u t+s 0 ). Then an easy computation shows that v(t) satisfy equation (1.1). On the other hand,
Hence
Thus
Thus w(t) satisfy equation (1.1). By uniqueness again we have that
for all t, s ∈ R. In particular when t = 0 we obtain that
In particular if t = 0 we obtain that
and hence iηI − A − F η is bijective. This shows assertion (i) of the Proposition. Next we notice that u(t)
Hence for > 0 follows that
Recall
Our main result in this paper, establish that the converse of Proposition 3.3 is true. (ii) σ(∆) = ∅ and sup
Proof.
(ii) ⇒ (i). Define the operator M (t) = (B t − A)
, with B t = itI − F t . Note that by hypothesis M ∈ C
(R, B(X, [D(A)])) .
We claim that M is a C α −multiplier. In fact, by hypothesis it is clear that sup t∈R ||M (t)|| < ∞. On the other hand, we have 
, where id(t) := it for all t ∈ R. We will prove that N is a C α −multiplier. In fact, with a direct calculation, we have A similar calculation prove that
In fact, we have t P (t) = F t N (t) + F t t M (t) , and hence from (3.5), (3.6) and (3.7) we obtain that sup
where
Since F is bounded, we deduce that [3, p.3] ), due to the boundedness of F and (3.12) it follows that (3.13)
Choosing φ = id · ψ in (3.8) we obtain from (3.9) that (3.14)
and it follows from Lemma 6.2 in [3] 
for all x ∈ X, using the fact that A is closed and setting (3.8) and (3.13) in (3.15) we obtain that
By Lemma 5.1 in [3] this implies that for some y 3 ∈ X one has
Consequently,ū (t) = v(t) + y 2 = Fū t + Aū(t) + f (t) + y where y = y 2 + y 3 . In particular Aū ∈ C α (R, X). Now, by hypothesis we can define
) and satisfies (1.1). We have shown that a solution of (1.1) exists.
In order to prove uniqueness, suppose that
We claim thatû · (λ) ∈ C([−r, 0], X) for Reλ = 0. In fact, let Reλ > 0 then
Since e −Reλt
(R + ) applying the dominated convergence theorem, we obtain the claim. Analogously we obtain the claim for Reλ < 0. Now, note that for Reλ > 0 and θ ∈ [−r, 0]
Analogously if Reλ < 0 and θ ∈ [−r, 0] , then
Since F is bounded, we obtain that
Using the fact that A is closed, from (3.18) and (3.19) we get We denote by K F (X) the class of operators in X satisfying (ii) in the above theorem. If A ∈ K F (X) we have u , Au, F u · ∈ C α (R, X), and hence we deduce the following result.
Remark 3.6. The inequality (3.20) is a consequence of the closed graph theorem and known as the maximal regularity property for equation (1.1).
From it we deduce that the operator L defined by
In fact, since A is closed, the space Z becomes a Banach space under the norm
Such isomorphisms are crucial for the treatment of nonlinear versions of (1.1).
Indeed, assume X be B-convex and A ∈ K F (X) and consider the semilinear problem
Define the Nemytskii's superposition operator N : (t) ) and the bounded linear operator
where u is the unique solution of the linear problem
Then to solve (3.21) we have to show that the operator H : Z → Z defined by H = SN has a fixed point.
For related information we refer to Amann [1] where results in quasilinear delay equations involving the method of maximal regularity are presented.
We finish this paper with the following result which give us a useful criterion to verify condition (ii) in the above theorem. For all n ∈ N we have is(isI − A)
By (3.23) we obtain
